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Quantum liquids and gases

.Estève, et al., 
Nature 455, 1216 (2008)

Theory: focused on systems with discrete Hilbert spaces with 
local degrees of freedom: qubits, insulating lattice models, …

Experiments employ the quantum and itinerant positional 
states of ultra-cold atomic gasses and BECs

LETTERS

Squeezing and entanglement in a Bose–Einstein
condensate
J. Estève1, C. Gross1, A. Weller1, S. Giovanazzi1 & M. K. Oberthaler1

Entanglement, a key feature of quantum mechanics, is a resource
that allows the improvement of precision measurements beyond
the conventional bound attainable by classical means1. This results
in the standard quantum limit, which is reached in today’s best
available sensors of various quantities such as time2 and posi-
tion3,4. Many of these sensors are interferometers in which the
standard quantum limit can be overcome by using quantum-
entangled states (in particular spin squeezed states5,6) at the two
input ports. Bose–Einstein condensates of ultracold atoms are
considered good candidates to provide such states involving a
large number of particles. Here we demonstrate spin squeezed
states suitable for atomic interferometry by splitting a condensate
into a few parts using a lattice potential. Site-resolved detection of
the atoms allows the measurement of the atom number difference
and relative phase, which are conjugate variables. The observed
fluctuations imply entanglement between the particles7–9, a
resource that would allow a precision gain of 3.8 dB over the stan-
dard quantum limit for interferometric measurements.
Spin squeezing was one of the first quantum strategies proposed to
overcome the standard quantum limit, in a precision measurement5,6

that triggered many experiments10–17. It applies to measurements
where the final readout is done by counting the occupancy difference

between two quantum states, as in interferometry or in spectroscopy.
The name ‘spin squeezing’ originates from the fact that the N part-
icles used in the measurement can be described by a fictitious spin
J 5 N/2. In an interferometric sequence, the spin undergoes a series
of rotations in which one of the rotation angles is the phase shift to be
measured. A sufficient criterion for the input state, allowing for
quantum-enhanced metrology, is given by jS , 1, where
j2

S~2JDJ 2
z =(hJxi2zhJyi2) is the squeezing parameter introduced in

ref. 6. The fluctuations of the spin in one direction have to be reduced
below shot noise (here DJ 2

z vJ=2), and the spin polarization in the
orthogonal plane, ÆJxæ2 1 ÆJyæ2, has to be large enough to maintain the
sensitivity of the interferometer. A pictorial representation of this
condition is shown in Fig. 1b. The precision of such a quantum-
enhanced measurement is jS=

ffiffiffiffi
N
p

, whereas the standard quantum
limit set by shot noise is 1=

ffiffiffiffi
N
p

.
In this Letter, we report the observation of entangled squeezed

states in a Bose–Einstein condensate of 87Rb atoms. The particles
are distributed over a small number of lattice sites (between two
and six) in a one-dimensional optical lattice (Fig. 1a). The occu-
pation number per site ranges from 100 to 1,100 atoms. The two
modes supporting the squeezing are two states of the external atomic
motion corresponding to the condensate mean-field wavefunctions

1Kirchhoff-Institut für Physik, Universität Heidelberg, Im Neuenheimer Feld 227, 69120 Heidelberg, Germany.
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Figure 1 | Observing spin squeezing in a Bose–Einstein condensate
confined in a double- or six-well trap. a, The atoms are trapped in an optical
lattice potential superimposed on an harmonic dipole trap. The number of
occupied sites is adjusted by changing the confinement in the lattice
direction. High-resolution imaging allows us to resolve each site. b, Gain in
quantum metrology is obtained for spin squeezed states exhibiting reduced
fluctuations in one direction (z) and a sufficiently large polarization in the
orthogonal plane (x, y) as depicted on the Bloch sphere. For our system, spin
fluctuations in the z direction translate to atom number difference
fluctuations Dn between two adjacent wells. The polarization of the spin in

the x–y plane is proportional to the phase coherence, Æcos wæ, between the
wells. c, The atom number fluctuations at each site are measured by
integrating the atomic density obtained from absorption images. We
compare a typical histogram showing sub-Poissonian fluctuations in the
atom number difference with the binomial distribution (red curve). The
green curve corresponds to the deduced distribution after subtracting the
photon shot noise, leading to a number squeezing factor of j2

N 5 26.6 dB.
d, The phase coherence is inferred from the interference patterns between
adjacent wells. The histogram shown corresponds to a phase coherence of
Æcos wæ 5 0.9.
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Detecting Multiparticle Entanglement of Dicke States
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Recent experiments demonstrate the production of many thousands of neutral atoms entangled in their
spin degrees of freedom. We present a criterion for estimating the amount of entanglement based on a
measurement of the global spin. It outperforms previous criteria and applies to a wider class of entangled
states, including Dicke states. Experimentally, we produce a Dicke-like state using spin dynamics in a
Bose-Einstein condensate. Our criterion proves that it contains at least genuine 28-particle entanglement.
We infer a generalized squeezing parameter of −11:4ð5Þ dB.

DOI: 10.1103/PhysRevLett.112.155304 PACS numbers: 67.85.−d, 03.67.Bg, 03.67.Mn, 03.75.Mn

Entanglement, one of the most intriguing features of
quantummechanics, is nowadays a key ingredient for many
applications in quantum information science [1,2], quan-
tum simulation [3,4], and quantum-enhanced metrology
[5]. Entangled states with a large number of particles
cannot be characterized via full state tomography [6],
which is routinely used in the case of photons [7,8],
trapped ions [9], or superconducting circuits [10,11].
A reconstruction of the full density matrix is hindered
and finally prevented by the exponential increase of the
required number of measurements. Furthermore, it is
technically impossible to address all individual particles
or even fundamentally forbidden if the particles occupy the
same quantum state. Therefore, the entanglement of many-
particle states is best characterized by measuring the
expectation values and variances of the components of
the collective spin J ¼ ðJx; Jy; JzÞT ¼

P
isi, the sum of all

individual spins si in the ensemble.
In particular, the spin-squeezing parameter ξ2 ¼

NðΔJzÞ2=ðhJxi2 þ hJyi2Þ defines the class of spin-
squeezed states for ξ2 < 1. This inequality can be used
to verify the presence of entanglement, since all spin-
squeezed states are entangled [12]. Large clouds of
entangled neutral atoms are typically prepared in such
spin-squeezed states, as shown in thermal gas cells [13],
at ultracold temperatures [14–16], and in Bose-Einstein
condensates [17–19].
Systems with multiple particles may exhibit more than

pairwise entanglement. Multiparticle entanglement is best

quantified by means of the so-called entanglement depth,
defined as the number of particles in the largest nonseparable
subset [see Fig. 1(a)]. There have been numerous experi-
ments detecting multiparticle entanglement involving up to
14 qubits in systems, where the particles can be addressed
individually [9,20–24]. Large ensembles of neutral atoms
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FIG. 1 (color online). Measurement of the entanglement depth
for a total number of 8000 atoms. (a) The entanglement depth is
given by the number of atoms in the largest nonseparable subset
(shaded areas). (b) The spins of the individual atoms add up to the
total spin J whose possible orientations can be depicted on
the Bloch sphere. Dicke states are represented by a ring around
the equator with an ultralow width ΔJz and a large radius Jeff .
(c) The entanglement depth in the vicinity of a Dicke state can be
inferred from a measurement of these values. The red lines
indicate the boundaries for various entanglement depths. The
experimental result is shown as blue uncertainty ellipses with 1
and 2 standard deviations, proving an entanglement depth larger
than 28 (dashed line).
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FIG. 2. Hanbury Brown-Twiss interference and fermionization. (a) Processes connecting the initial and final two-particle states
interfere coherently. Each tunneling step contributes a phase i. For non-interacting bosons, processes of the same length add
constructively (I), while processes di↵ering in length by two steps interfere destructively (II). (b) Weakly interacting bosons
display strong bunching (I). Strong, repulsive on-site interactions cause bosons in one dimension to fermionize and develop
long-range anti-correlations (II). (c) Measured correlator �

i,j

at time ⌧
max

⇡ 2⇡ ⇥ 0.5, averaged over ⇠ 3200 realizations. The
interactions are tuned from weak (u < 1) to strong (u � 1) by choosing V

x

= 1E
r

, 2.5E
r

, 4E
r

, and 6.5E
r
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Figure 2 a): For bosons, the processes bringing both par-
ticles into close proximity of each other add construc-
tively, leading to bosonic bunching, as observed in tunnel
coupled optical tweezers [32], expanding atomic clouds
[31, 33] and photonic implementations of quantum walks
[12, 13].

In our experiment, the bunching of free bosonic atoms
is apparent in single shot images of quantum walks with
two particles starting from adjacent sites in the state
a†0a

†
1|0i. For weak interactions, the two atoms are very

likely to be detected close to each other because of HBT
interference, as shown in raw images in Figure 2 b). We
characterize the degree of bunching using the density-
density correlator �i,j in Figure 2 c), measured at time
⌧max ⇡ 2⇡ ⇥ 0.5. Panel I shows the two-particle correla-
tor for a quantum walk with weak interactions (u = 0.7).
Sharp features are caused by quantum interference and
demonstrate the good coherence of the two-particle dy-
namics. The concentration of probability on and near the
diagonal of the correlator �i,j indicates HBT interference
of nearly free bosonic particles.

We use the sensitivity of the quantum walk to quantum
statistics to probe the “fermionization” of bosonic parti-
cles caused by repulsive interactions in one-dimensional
systems. When such interactions are strong, double occu-

pancies are suppressed by the large energy cost U , which
takes the role of an e↵ective Pauli exclusion principle for
bosonic particles. In the limiting case of infinite,“hard-
core” repulsive interactions, one-dimensional bosonic sys-
tems “fermionize” and show densities and spatial correla-
tions that are identical to those of non-interacting spin-
less fermions [34]. This behavior has been observed in
equilibrium in the pair-correlations and momentum dis-
tributions of large one-dimensional Bose-Einstein Con-
densates [35, 36]. These systems are characterized by
the dimensionless ratio of interaction to kinetic energy �,
and the fermionized Tonks-Girardeau regime is entered
when � is large. For Bose-Hubbard systems below unity
filling, such as ours, the corresponding parameter is the
ratio u = U/J .

We study the process of fermionization in the funda-
mental unit of two interacting particles by repeating the
quantum walk from initial state a†0a

†
1|0i at increasing in-

teraction strengths [19]. Figure 2 c) shows �i,j for sev-
eral values of u. At intermediate values of the interac-
tion u = 1.4 and u = 2.4, the correlation distribution
is relatively uniform, as repulsive interactions compete
with HBT interference. For the strongest interaction
strength u = 5.1, most of the weight is concentrated on
the anti-diagonal of �i,j , corresponding to pronounced
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Entanglement and Entropy 
quantifying uncertainty in many-body systems

A !

Results for Quantum Liquids & Gases 
benchmarking, scaling and the area law
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Measuring Entanglement 
 SWAP algorithm in experiment and quantum Monte Carlo



Toy Quantum Matter
bosons with hard-cores on a 1d lattice

L = 4 sites

N = 2 bosons

kinetic potential

H = �
X

�

Ä
b†� b�+1 + b†�+1b�

ä
+ V
X

�
n�n�+1

Investigate the quantum ground state for  
different interaction strengths V



V ! 1

V " 1

What are the ground states?

solid

|�i = 1p
2
(|1010i+ |0101i)

superfluid

| i = 1

2
(|1010i+ |0101i) + 1

2
p
2
(|1100i+ |0011i+ |1001i+ |0110i)

#

T = �
X

�

Ä
b†� b�+1 + h.c.
ä

U = V
X

�
n�n�+1



A Quantum Bipartition
Break up the system into two parts
and make a local measurement on Ā

A Ā

Suppose we find: what do we know about A?

V " 1 no uncertainty =  
complete knowledge

V ! 1
uncertainty =  
incomplete knowledge



quantum information that is 
encoded non-locally in the joint 
state of a system 

Entanglement

•Can it be quantified? 

•Can it be measured?



Quantifying Entanglement with Entropy
Entropy: A measure of encoded information

Entanglement: Non-locally encoded quantum information 

Entanglement Entropy: A measure of entanglement 

A Ā

S(A) = 0

A Ā

S(A) > 0

S(A) : how entangled are A and Ā

S(A) = �Tr�A log�A

probabilities encoded in reduced density matrix 

Shannon von Neumann

S = �
X

�
p� logp�



Rényi Entanglement Entropies
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An alternate measure of entanglement

lim
�!1

S�(A) = �Tr�A log�AS�(A) =
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1 � � �ogTr�
�
A
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Bipartitions of identical particles
Different ways to partition ground state!

Mode Bipartition 
Constructed from the Fock space of  
single-particle modes

|�i =
X

nAnĀ

cnAnĀ
��nA
↵
⌦
⌦
nĀ
��

�A ! S(A)

Particle Bipartition 
Label a subset of n particles

n-body density matrix

nA = n
nB = N - n|�i = |r1, . . . , rNi

�n ! S(n)
�n =
Z
drn+1 · · ·drNh�|�|�i

A

Ā



Example: a simple quantum liquid I 
1d Bose-Hubbard model

3.3superfluid insulator0

example: L = 2, N = 2 spatial bipartition:
A Ā

|�i = � |20i + � |11i + � |02i

U/J

S1(�A) = �Tr�A ln�A = �|�|2 ln |�|2 � |�|2 ln |�|2 � |�|2 ln |�|2

�A = TrĀ � =
2X

n=0
hn|�i h�|niĀ Ā =

0
@
|�|2 0 0
0 |�|2 0
0 0 |�|2

1
A

H = �J
X
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b†j bj+1 + b†j+1bj
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+
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2

X

j
nj
�
nj � 1
�



1d Bose-Hubbard model

3.3superfluid insulator0

example: L = 2, N = 2 particle bipartition:

U/J

Example: a simple quantum liquid II 

A Ā
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2X
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0
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1
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�
p
2
(|1122i + |1221i) + �|1222i
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1d Bose-Hubbard model

3.3superfluid insulator

example: L = 2, N = 2
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different bipartitions 
can provide 
complimentary 
information on phases, 
interactions & statistics

Example: a simple quantum liquid III 
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x1 = ?, x2 = ?

Or is it all just
fluffy bunnies?
J. Dunningham, A. Rau, and K. Burnett, Science 307, 872 (2005)

Using entanglement as a resource
requires ability to perform local 
physical operations on subsystems
Particle Entanglement 
inaccessible due to the  
indistinguishability of particles  
N. Killoran, M. Cramer, and M. B. Plenio, PRL 112, 150501 (2014)

⁄SWAP
ïÅ
|1iA ⌦ |1iB + |2iA ⌦ |0iB + |0iA ⌦ |2iB

ã
⌦ |0ireg
ò

Spatial Entanglement 
particle number conservation  
prohibits swapping all 
entanglement to register
H. M. Wiseman and J. A. Vaccaro, PRL 91, 097902 (2003)

N = 2, L = 4



Operational entanglement
Get around these difficulties by combining the 
two measures. H. M. Wiseman and J. A. Vaccaro, PRL 91, 097902 (2003)

probability
projection 
operator

n

N - n

Maximal amount of 
entanglement that can 
be produced between 
quantum registers by 
local operations.Sop(A) > 0) S(n) > 0

Sop(A) < S(A)

�An =
1

Pn
P̂n�AP̂n

Sop(A) =
X

n
PnS(An)



example: L = 2 |�i = � |20i + � |11i + � |02i
A Ā

Operational Entanglement Example

� = |�i h�| =

0
@
|�|2 ��� ���

��� |�|2 ���

��� ��� |�|2

1
A �A = TrĀ � =

0
@
|�|2 0 0
0 |�|2 0
0 0 |�|2

1
A

Sop1 (A) =
X

n
PnS1(An) �An =

1

Pn
P̂n�AP̂n

need at least 2 states 
in the subsystem

�A2 =

0
@
1 0 0
0 0 0
0 0 0

1
A �A1 =

0
@
0 0 0
0 1 0
0 0 0

1
A �A0 =

0
@
0 0 0
0 0 0
0 0 1

1
A

Sop1 (A) = 0



Experimental Measurement
Density matrix is generally inaccessible

Measurement becomes exponentially difficult!
4 particles on 4 sites: % ~ 105 entries

C. F. Roos et al, PRL 92, 220402 (2004)

Re % Im %

with an intensified CCD camera separately for each ion.
Observation of fluorescence indicates that the ion was
projected into the S1=2 ! j1i state; no fluorescence reveals
the D5=2 ! j0i state. By repeating the experimental cycle
200 times, the average populations of all product basis
states j00i, j01i, j10i, and j11i are determined.

A Bell state is created by applying laser pulses to ion 1
and 2 on the blue sideband and the carrier. Using the Pauli
spin matrices !x,!y,!z [13] and the operators b and by

that annihilate and create a phonon in the breathing
mode, we denote single qubit carrier rotations of qubit
" by

R""#;$# $ exp
!

i
#
2
"!""#

x cos$% !""#
y sin$#

"

(1)

and rotations on the blue sideband of the vibrational
breathing mode by

R&
" "#;$# $ exp

!

i
#
2
"!""#

x by cos$% !""#
y b sin$#

"

: (2)

The Bell state !' $ "j10i' j01i#=
###

2
p

is produced by
the pulse sequence U!' $ R&

2 "%;'%=2#R2"%;%=2# (
R&
1 "%=2;%%=2# applied to the j11i state. The pulse

R&
1 "%=2;%%=2# entangles the motional and the internal

degrees of freedom; the next two pulses R&
2 "%;'%=2# (

R2"%;%=2# map the motional degree of freedom onto
the internal state of ion 2. Appending another % pulse,
U"' $ R2"%; 0#U!', produces the state "' up to a
global phase. The pulse sequence takes less than 200 &s.

To account for experimental imperfections, the quan-
tum state is described by a density matrix '. For its
experimental determination we expand ' into a super-
position ' $ P

i(iOi of mutually orthogonal Hermitian
operators Oi, which form a basis and obey the equation
tr"OiOj# $ 4)ij [14]. Then the coefficients (i are related
to the expectation values of Oi by (i $ tr"'Oi#=4. For a
two-qubit system, a convenient set of operators is given by
the 16 operators !"1#

i ) !"2#
j , "i; j $ 0; 1; 2; 3#, where !""#

i
runs through the set of Pauli matrices 1;!x;!y;!z, of
qubit ".

The reconstruction of the density matrix ' is accom-
plished by measuring the expectation values h!"1#

i )
!"2#

j i'. A fluorescence measurement projects the quantum
state into one of the states jx1x2i, xi 2 f0; 1g. By repeat-
edly preparing and measuring the quantum state, the
average population in states jx1x2i is obtained from which
we calculate the expectation values of !"1#

z , !"2#
z , and

!"1#
z ) !"2#

z . To measure operators involving !y, we apply
a transformation U that maps the eigenvectors of !y onto
the eigenvectors of !z, i.e., U!yU%1 $ !z, where U $
R"%=2;%#. Similarly, the operator !x is transformed into
!z by choosing U $ R"%=2; 3%=2#. Therefore, all expec-
tation values can be determined by measuring !"1#

z , !"2#
z ,

or !"1#
z ) !"2#

z . To obtain all 16 expectation values, nine
different settings have to be used. For each setting, the
experiment is repeated 200 times at a repetition rate of

50 Hz. The whole reconstruction process is therefore
completed in less than 40 s. Since a finite number of
experiments allows only for an estimation of the expec-
tation values h!"1#

i ) !"2#
j i', the reconstructed matrix 'R

is not guaranteed to be positive semidefinite [15].
We avoid this problem by employing a maximum like-
lihood estimation of the density matrix [15,16], fol-
lowing the procedure as suggested and implemented in
Refs. [16–18].

For the pulse sequence that is designed to produce the
state !& $ "j10i& j01i#=

###

2
p

, we obtain the density ma-
trix '!& shown in Fig. 1(a). The fidelity F of the recon-
structed state is F $ h!&j'!& j!&i $ 0:91. To produce
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FIG. 1. (a) Real and imaginary parts of the density matrix
'!& that approximates !& $ "j10i& j01i#=

###

2
p

. The measured
fidelity is F!& $ h!&j'!& j!&i $ 0:91. (b) Real and imagi-
nary parts of the density matrix '!% that approximates !% $
"j10i% j01i#=

###

2
p

. The measured fidelity is F!% $ 0:90.
(c),(d) Density matrix elements of (c) '"& and (d) '"% .
Here, F"& $ 0:91 and F"% $ 0:88.
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The Replica Method
Computing Rényi entanglement entropies by swapping 
subregions between non-interacting identical copies

P. Calabrese and J. Cardy, J. Stat. Mech.: Theor. Exp. P06002 (2004)
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Rényi entropies can be 
computed via local 
expectation values!

00 0 0Tr ρA2 ⇔ 



Experimental Measurement
C. Hong, Z. Ou, and L. Mandel, PRL 59 2044, (1987) 

A. J. Daley, H. Pichler, J. Schachenmayer, and P. Zoller, Phys. Rev. Lett. 109, 020505 (2012) 
R. Islam, R. Ma, P. M. Preiss, M. E. Tai, A. Lukin, M. Rispoli, and M. Greiner, Nature 528, 77 (2015)

IDEA: Use bosonic Hong-Ou-Mandel interference with atoms
3

cle number, as illustrated in Fig. 2a. This is due to the de-
structive interference of all odd outcomes. If the system is
composed of multiple modes, such as internal spin states or
various lattice sites, the total number parity P

i

=

Q
k

p
(k)
i

is equal to unity in the output ports i = 1, 2. Here the par-
ity for mode k, p(k)

i

= ±1 for even or odd number of parti-
cles, respectively. The well known Hong-Ou-Mandel (HOM)
interference of two identical single photons [42] is a special
case of this scenario. Here a pair of indistinguishable pho-
tons incident upon different input ports of a 50%-50% beam
splitter undergoes bosonic interference such that both photons
always exit from the same output port. In general, the average
parity measured in the many-body bosonic interference on a
beam splitter probes the quantum state overlap between the
two copies hP

i

i = Tr(⇢1⇢2), where ⇢1 and ⇢2 are the density
matrices of the two copies respectively and h...i denotes aver-
aging over repeated experimental realizations or over identical
systems, as shown in Fig. 2b. Hence, for two identical sys-
tems, i.e. for ⇢1 = ⇢2 = ⇢, the average parity for both output
ports (i = 1, 2) equals the quantum purity of the many-body
state [21, 32, 33],

hP
i

i = Tr(⇢2). (3)

Equation (3) represents the most important theoretical foun-
dation behind this work – it connects a quantity depending on
quantum coherences in the system to a simple observable in
the number of particles. It holds even without fixed particle
number, as long as there is no definite phase relationship be-
tween the copies (Supplementary material). From Eqs. (1)
and (3), detecting entanglement in an experiment reduces to
measuring the average particle number parity in the output
ports of the multi-mode beam splitter.

We probe entanglement formation in a system of interacting
87Rb atoms on a one dimensional optical lattice with a lattice
constant of 680 nm. The dynamics of atoms in the lattice is
described by the Bose-Hubbard Hamiltonian,

H = �J
X

hi,ji

a†
i

a
j

+

U

2

X

i

n
i

(n
i

� 1), (4)

where a†
i

, a
i

and n
i

= a†
i

a
i

are the bosonic creation and an-
nihilation operators, and the number of atoms at site i, re-
spectively. The atoms tunnel between neighboring lattice sites
(indicated by hi, ji) with a rate J and experience an onsite re-
pulsive interaction energy U . The Planck’s constant h is set
to 1 and hence both J and U are expressed in Hz. The di-
mensionless parameter U/J is controlled by the depth of the
optical lattice. Additionally, we can superimpose an arbitrary
optical potential with a resolution of a single lattice site by us-
ing a spatial light modulator (SLM) as an amplitude hologram
through a high resolution microscope (Supplementary mate-
rial). This microscope also allows us to image the number
parity of each lattice site independently [34].

To initialize two independent and identical copies of a state
with fixed particle number N , we start with a low entropy
2D Mott insulator with unity filling in the atomic limit [34]
and deterministically retain a plaquette of 2⇥N atoms while
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Figure 3. Many-body interference to probe entanglement in op-
tical lattices. a. A high resolution microscope is used to directly
image the number parity of ultra cold bosonic atoms on each lat-
tice site (raw images: green = odd, black = even). Two adjacent
1D lattices are created by combining an optical lattice and potentials
created by a spatial light modulator (SLM). We initialize two iden-
tical many-body states by filling the potentials from a low entropy
2D Mott insulator. The tunneling rates J

x

, J
y

can be tuned indepen-
dently by changing the depth of the potential. b. The atomic beam
splitter operation is realized in a tunnel coupled double well poten-
tial. An atom, initially localized in one of the wells, delocalizes with
equal probability into both the wells by this beam splitter. Here, we
show the atomic analog of the HOM interference of two states. The
joint probability P(1, 1) measures the probability of coincidence de-
tection of the atoms in separate wells as a function of normalized
tunnel time J

y

t, with the single particle tunneling J

y

= 193(4) Hz.
At the beam splitter duration (J

y

t = 1/8) bosonic interference leads
to a nearly vanishing P(1, 1) corresponding to an even parity in the
output states. This can be interpreted as a measurement of the purity
of the initial Fock state, here measured to be ⇡ 0.90(4). The data
shown here are averaged over two independent double wells. The
blue curve is a maximum likelihood fit to the data, and the error-
bars reflect 1 � statistical error. c. When two copies of a product
state, such as the Mott insulator in the atomic limit are interfered on
the beam splitter, the output states contain even number of particles
globally (full system) as well as locally (subsystem), indicating pure
states in both. d. On the other hand, for two copies of an entangled
state, such as a superfluid state, the output states contain even num-
ber of particles globally (pure state) but a mixture of odd and even
outcomes locally (mixed state). This directly demonstrates entangle-
ment.
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Exact Diagonalization Results
\

R. Melko, C. Herdman, D. Iouchtchenko, P.-N. Roy and A.D. Phys. Rev. A, 93, 042336 (2016)
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Exact Diagonalization Results

R. Melko, C. Herdman, D. Iouchtchenko, P.-N. Roy and A.D. Phys. Rev. A, 93, 042336 (2016)

Operational 
entanglement peaks 
near the quantum 
phase transition!

R. Melko, C. Herdman, D. Iouchtchenko, P.-N. Roy and A.D. Phys. Rev. A, 93, 042336 (2016)
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Exact diagonalization is 
limited to small systems 

with discrete Hilbert spaces

Can we get
bigger?



Path Integral Ground State QMC
Description

Ĥ = �
NX

�=1

�2

2m�
�̂
2
� +

NX

�=1
V̂� +
X

�<j
Û�j

N interacting particles in d-dimensions

Configurations
projecting a trial wavefunction to the  
ground state |�0i = lim

�!�e��Ĥ |�T i
gives discrete imaginary time worldlines 
constructed from products of the short 
time propagator G(R,R0;��) =

⌦
R
��e���Ĥ
��R0
↵

�T(R0)

�T(R2M)

��

�0(RM)&

L

Observables
exact method for computing ground 
state expectation values 

O� =
h�T |e��ĤÔe��Ĥ|�T i
h�T |e�2�Ĥ|�T i

Updates
Local and non-local bead 
updates with weights given  
by '(X)

Path Integral Ground State QMC



Technology adapted from other QMC flavors

Break paths at the center time slice &, measure      
when replicas are linked via short time propagator G.

Porting the Replica Method to PIGS

M. B. Hastings, I. González, A. B. Kallin, and R. G. Melko, PRL 104, 157201 (2010)
R. Melko, A. Kallin, and M. Hastings, PRB 82, 100409 (2010)
C. Herdman, R. Melko and A.D. Phys. Rev. B, 89, 140501 (2014)
C. M. Herdman, S. Inglis, P. N. Roy, R. G. Melko, and A.D., PRE 90, 013308 (2014)

space
spaceĀ

T. Grover, Phys. Rev. Lett. 111, 130402 (2013) 
Assaad,  Lang, Toldin, Phys. Rev. B 89, 125121 (2014)
Broecker and Trebst, J. Stat. Mech. (2014) P08015
J. E. Drut and W. J. Porter, PRB 92, 125126 (2015)
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Benchmarking on a Solvable Model
Lieb-Liniger model of (-function interacting bosons on a ring

E. H. Lieb and W. Liniger, PR 130, 1605 (1963)
C. M. Herdman, P. N. Roy, R. G. Melko, and A.D., PRB B 94, 064524 (2016)

A
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QMC
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N

weak interactions

strong interactions
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2
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N = 8

ratio trick
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Scaling of Spatial Entanglement
Expected scaling result for 1d critical systems:

P. Calabrese and J. Cardy, J. Stat. Mech. P06002 (2004)
J. Cardy and P. Calabrese, J. Stat. Mech. P04023. (2010)
C. M. Herdman, P. N. Roy, R. G. Melko, and A.D., PRB B 94, 064524 (2016)
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Particle Entanglement 
Predicted general scaling form by Haque & Schoutens:

S(n,N) = � ln
✓N
n

◆
+ b

O. Zozulya, M. Haque, and K. Schoutens, PRA 78, 042326 (2008)
M. Haque, O. S. Zozulya, and K. Schoutens, J. Phys. A 42, 504012 (2009)

confirmation 
with QMC

S2(n = 1) S2(n = 2)

Bethe AnsatzLuttinger  
parameter

nA = 3

C. Herdman and A.D., Phys. Rev. B, 91, 184507 (2015)

For a bosonic Luttinger 
Liquid: a = n/K



Sensitivity of Entanglement to Statistics

J. Cardy and P. Calabrese, J. Stat. Mech. P04023. (2010)

spatial bipartition:

P. Calabrese and J. Cardy, J. Stat. Mech. P06002 (2004)
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1d critical systems

!

particle bipartition:

H. Barghathi, E. Casiano-Diaz, and AD, JSTAT. 2017, 083108 (2017)
M. Haque, O. S. Zozulya, and K. Schoutens, J. Phys. A 42, 504012 (2009)C. Herdman and A.D., Phys. Rev. B, 91, 184507 (2015)
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a = 1 for fermions 
   = n/K for 1d bosons



How does entanglement 
scale with the size of 
the subregion in d>1?

S(!) ~ ! "

thermodynamic entropy is 
extensive ⇒ " = d

!
S

2!

8S

entanglement area law?
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Ā



Black Hole Entropy Area Law
Black hole thermodynamics:
• Quantum black holes emit thermal radiation 

• Area Law: entropy of a black hole is 
proportional to surface area, not volume!

SBH " area J.D. Bekenstein, PRD 7, 2333 (1973) 
S.W. Hawking, Nature 248, 30 (1974)

A

!

R

Is this due to entanglement? 
• Toy model: coupled harmonic 

oscillators 

• Area Law: number of springs 
connecting A with Ā scales with 
boundary size M. Srednicki Phys. Rev. Lett. 71, 666 (1993)



General “Derivation” of the Area Law
Based on 2 physical principles: 
1. S(A) arises from correlations local to 

the entangling surface

*A

A
S(A, r) =
Z

�A

ds

rd�1
g(�A, r)at scale r:

local quantity depending  
on curvature of *A

(d-1) surface 
element

2. All length scales contribute: microscopic to macroscopic
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✓ 1
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◆ M.B. Hastings, J. Stat. Mech., P08024 (2007)
S.N. Solodukhin, Phys. Lett. B, 693, 605 (2010) 
B. Swingle, arXiv:1010.4038
H. Liu and M. Mezai, JHEP 1304, 162 (2013)
L. Hayward Sierens, Ph.D. Thesis, (2017)

spherical *A⇒ g = c0 + c1
Å r
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ã4

no odd powers

area law for a sphere!



What about a real 
quantum phase of 

matter?
helium-4

Pr
es
su
re

solid

superfluid

normal
fluid

Temperature

gas



Entanglement in Superfluid 4He
3d box at T = 0 with periodic boundary conditions at SVP

r

V(r)

Measure entanglement S2(R) between spherical region of 
radius R and the rest of the box

R

Investigate scaling by changing the radius of the sphere
C. M. Herdman, P.-N. Roy, R. G. Melko & A.D. Nature Phys 13, 556 (2017)
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Û�j



Scaling of the Entanglement

!
!

!

S2(R) ! 4!R2

C. M. Herdman, P.-N. Roy, R. G. Melko & A.D. Nature Phys 13, 556 (2017)



Area Law vs. Volume Law
Area: Volume:

2 fit parameters inter-particle separation

C. M. Herdman, P.-N. Roy, R. G. Melko & A.D. Nature Phys 13, 556 (2017)
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Discovery of an area law in a real quantum liquid 
Quantum entanglement scales  
with the surface area and not  
volume in superfluid 4He Analogous to 

Bekenstein-Hawking 
black hole entropy

http://delmaestro.org/adrian  •  http://code.delmaestro.org  •  @agdelma

S2 ! R2

Entanglement in quantum liquids can be useful 
Physical constraints determine  
the entanglement that can be 
transferred to a register for 
quantum information processing

http://delmaestro.org/adrian
http://code.delmaestro.org
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